Abstract. Our input is a graph G = (V, E) where each vertex ranks its neighbors in a strict order of preference. The problem is to compute a matching in G that captures the preferences of the vertices in a popular way. Matching M is more popular than matching M if the number of vertices that prefer M to M is more than those that prefer M to M . The unpopularity factor of M measures by what factor any matching can be more popular than M . We show that G always admits a matching whose unpopularity factor is O(log |V |) and such a matching can be computed in linear time. In our problem the optimal matching would be a least unpopularity factor matching -we show that computing such a matching is NP-hard. In fact, for any > 0, it is NP-hard to compute a matching whose unpopularity factor is at most 4/3 − of the optimal.
Introduction
Our input is a graph G = (V, E) where each u ∈ V ranks its neighbors in a strict order of preference. Preference lists can be incomplete, i.e., a vertex need not be adjacent to all the other vertices. Each vertex seeks to be matched to a neighbor and for any u ∈ V , if u ranks v higher than v in its preference list, then u prefers v as its partner to v . This is the same as an instance of the roommates problem with incomplete lists, which is a generalization of the stable marriage problem.
In the stable marriage problem, the input graph is bipartite and the problem is to compute a stable matching M , i.e., one where there is no edge (a, b) where both a and b prefer each other to their respective assignments in M . While every bipartite graph admits a stable matching, it is easy to come up with roommates instances that admit no stable matchings. Our problem is to compute a matching in G that captures the preferences of the vertices optimally, where we need to come up with a definition of optimality so that such a matching always exists. Popular Matchings. Popularity is a weaker notion than stability, in other words, every stable matching is popular but not vice-versa [2] . We define popular matchings below. For any two matchings M and M , we say that vertex u prefers 
, u is either matched in M and unmatched in M or matched in both and prefers M (u) to M (u)).
Let φ(M, M ) = the number of vertices that prefer M to M . We say that M is more popular than
Definition 1. A matching M is popular if there is no matching that is more popular than
Since there is no matching where more vertices are better-off than in a popular matching, a popular matching is a natural candidate for an optimal matching. A simple instance from [2] that admits no stable matching but has popular matchings is the following: consider the complete graph H on 4 vertices {a 0 , a 1 , a 2 , a 3 } where for i = 0, 1, 2, a i prefers a i+1 to a i+2 (all indices are mod 3). The fourth vertex a 3 is at the tail of the preference lists of a 0 , a 1 , and a 2 . The vertex a 3 's preference list is a 0 followed by a 1 , and then a 2 . It is easy to check that this instance has no stable matching, however it admits 2 popular matchings: M 1 = {(a 0 , a 3 ), (a 1 , a 2 )} and M 2 = {(a 1 , a 3 ), (a 0 , a 2 )}. But popular matchings also do not always exist: the above instance H with the fourth vertex a 3 removed, has no popular matching. In any instance G, let us measure by what factor one matching (say, M 1 ) can be more popular than another (say, M 0 ) as follows:
hence when comparing M with any matching M , the number of vertices that prefer M to M cannot be larger than the number of other vertices by a factor of more than u(M ). The matching M with the least value of u(M ) among all the matchings in G is called a least unpopularity factor matching. When G admits popular matchings, it is easy to see that every popular matching M is a least unpopularity factor matching. However unlike popular matchings, least unpopularity factor matchings always exist. Hence, a least unpopularity matching is a promising candidate for an optimal matching in G. However finding such a matching is APX-hard, as shown by our following result.
Theorem 1. It is NP-hard to find a least unpopularity factor matching in a roommates instance G = (V, E).
In fact, for any > 0, it is NP-hard to compute a matching whose unpopularity factor is at most 4/3 − of the optimal. These hardness results hold even in the special case when G is a complete graph.
Nevertheless, there is always a matching whose unpopularity factor is O(log n) and this can be computed efficiently, as shown by our following result.
Theorem 2. Let G be a roommates instance on n vertices and m edges. Then G always admits a matching whose unpopularity factor is at most 4 log n + O(1) and such a matching can be computed in O(m + n) time.
